
MATEMATICKÁ OLYMPIÁDA 2024/2025
Návodné a doplňujúce úlohy

k úlohám domáceho kola kategórie Z9
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N1 Dokážte, že pre ľubovoľné prirodzené čı́sla 𝑎, 𝑏, 𝑑 platı́:
a) Ak 𝑑 delı́ 𝑎 a 𝑏, tak 𝑑 delı́ aj 𝑎 + 𝑏 a 𝑎 − 𝑏.
a) Ak 𝑑 delı́ 𝑎 a 𝑏, tak 𝑑 delı́ aj 11𝑎 + 13𝑏.
Riešenie:
Podľa predpokladu platı́ 𝑎 = 𝑘 ⋅ 𝑑 a 𝑏 = 𝑙 ⋅ 𝑑 pre nejaké prirodzené čı́sla 𝑘 a 𝑙, teda 𝑎 + 𝑏 = (𝑘 + 𝑙) ⋅ 𝑑,
𝑎 − 𝑏 = (𝑘 − 𝑙) ⋅ 𝑑 a 11𝑎 + 13𝑏 = (11𝑘 + 13𝑙) ⋅ 𝑑.

N2 Rozhodnite, či platı́, že ak 𝑎 a 2𝑎 + 3𝑏 sú čı́sla deliteľné 5, tak aj 𝑏 je deliteľné 5.
Riešenie:
Ak 5 delı́ čı́sla 𝑎 a 2𝑎 + 3𝑏, tak delı́ aj čı́slo 3𝑏: Podľa predpokladu totiž platı́ 𝑎 = 5𝑘 a 2𝑎 + 3𝑏 = 5𝑙 pre
nejaké čı́sla 𝑘 a 𝑙, teda 3𝑏 = 5𝑙 −2𝑎 = 5(𝑙 −2𝑘). Keďže 3 a 5 sú nesúdeliteľné čı́sla, 𝑏 je deliteľné 5. Uvedené
tvrdenie teda platı́.

N3 Nájdite všetky prvočı́sla 𝑝 také, že 𝑝
2 + 2𝑝 je prvočı́slo.

Riešenie:
Ako 𝑝, tak aj 𝑝2 + 2𝑝 je celé čı́slo, teda i 𝑝2 je celé. Jediné párne prvočı́slo je 2, teda 𝑝 = 2 a 𝑝

2 + 2𝑝 = 5, čo je
tiež prvočı́slo. UƵ loha má jediné riešenie 2.

D1 Po delenı́ čı́sla 𝑎 čı́slom 53 dostaneme zvyšok 3 a po delenı́ čı́sla 𝑏 čı́slom 53 dostaneme zvyšok 2. Aký zvyšok
dostaneme po delenı́ čı́sla 4𝑎 + 5𝑏 čı́slom 53?
Riešenie:
Podľa predpokladu platı́ 𝑎 = 53𝑘 + 3 a 𝑏 = 53𝑙 + 2 pre nejaké čı́sla 𝑘 a 𝑙. Odtiaľ dostávame 4𝑎 + 5𝑏 =
4(53𝑘 + 3) + 5(53𝑙 + 2) = 53(4𝑘 + 5𝑙) + 22. Hľadaný zvyšok je 22.

D2 Rozhodnite, pre ktoré prirodzené čı́sla 𝑘 je čı́slo Pre ľubovoľné prirodzené čı́slo 𝑘 uvažujte súčet po sebe
idúcich čı́sel

1 + 2 + 3 +⋯+ (6𝑘 + 3) + (6𝑘 + 4) + (6𝑘 + 5)
deliteľný 2, 3, 4, 5, resp. 6.
Riešenie:
Túto hodnotu označme 𝑠. Zápis navádza na rozdelenie do skupı́n po 6 sčı́tancoch, každú skupinu sčı́tame
a ďalej upravı́me:

𝑠 = (0 + 1 + 2 + 3 + 4 + 5) + (6 + 7 + 8 + 9 + 10 + 11) + ⋯
+ (6𝑘 + (6𝑘 + 1) + (6𝑘 + 2) + (6𝑘 + 3) + (6𝑘 + 4) + (6𝑘 + 5))

= 15 + (36 + 15) + ⋯+ (36𝑘 + 15) = 15(𝑘 + 1) + 36(1 +⋯+ 𝑘)

= 15(𝑘 + 1) + 36 ⋅ 𝑘(𝑘 + 1)
2 = 15(𝑘 + 1) + 18𝑘(𝑘 + 1) = 3(𝑘 + 1)(5 + 6𝑘).

Z posledného vyjadrenia vyvodzujeme, že platı́:
• 𝑠 je deliteľné 3 pre ľubovoľné 𝑘.
• 𝑠 je deliteľné 2, práve keď 𝑘 + 1 je deliteľné 2, t. j. keď 𝑘 je nepárne.
• 𝑠 je deliteľné 6, práve keď 𝑘 je nepárne.
• 𝑠 je deliteľné 4, práve keď 𝑘 + 1 je deliteľné 4, t. j. keď 𝑘 dáva po delenı́ 4 zvyšok 3.
• 𝑠 je deliteľné 5, práve keď (𝑘 +1)(5+6𝑘) je deliteľné 5, t. j. keď 𝑘+1 alebo 5+6𝑘 je deliteľné 5, t. j. keď
𝑘 + 1 alebo 6𝑘 je deliteľné 5, t. j. keď 𝑘 + 1 alebo 𝑘 je deliteľné 5.
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N1 Pravidelný štvorboký hranolmá podstavnú hranu dlhú3 cma výšku5 cm. Vypočı́tajte objemhranola a obsah
jeho plášťa.
Riešenie:
Objem hranola je 45 cm3, obsah plášťa je 60 cm2.

N2 Určte veľkosť uhlopriečky obdlƵžnika so stranami dlƵžok 4 cm a 9 cm.
Riešenie:
Podľa Pytagorovej vety je dlƵžka uhlopriečkyඥ(4 cm)2 + (9 cm)2 čiže √97 cm, čo je približne 9,85 cm.

N3 Pravidelný štvorboký hranol má telesovú uhlopriečku dlƵžky √86 cm a výšku 6 cm. Určte objem hranola.
Riešenie:
Telesová uhlopriečka, výška a podstavná uhlopriečka tvoria pravouhlý trojuholnı́k. Rovnako aj podstavná
uhlopriečka s podstavnými hranami. Ak dvakrát použijemePytagorovu vetu, dostávame, že dlƵžka podstavnej
hrany je 5 cm, takže objem hranola je (5 cm)2 ⋅ 6 cm čiže 150 cm3.

D1 Vyjadrite pomocou dlƵžok hrán kvádra dlƵžky jeho stenových uhlopriečok a ukážte, že nimi určený trojuholnı́k
nie je pravouhlý.
Riešenie:
Rozmery kvádra označme 𝑎, 𝑏, 𝑐. Jeho stenové uhlopriečky majú podľa Pytagorovej vety dlƵžky √𝑐2 + 𝑎2,
√𝑎2 + 𝑏2, √𝑏2 + 𝑐2. Ak by bol nimi tvorený trojuholnı́k pravouhlý a napr. posledná strana bola preponou,
tak by platilo ൫𝑐2 + 𝑎2൯ + ൫𝑎2 + 𝑏2൯ = 𝑏2 + 𝑐2, t. j. 2𝑎2 = 0. To však nie je možné, pretože 𝑎 > 0. Podobne
vylúčime ostatné dva prı́pady.

D2 Vyjadrite pomocou 𝑛 počet stenových a počet telesových uhlopriečok pravidelného 𝑛‑bokého hranola.
Riešenie:
Z každého z 𝑛 vrcholov jednej podstavy vedie telesová uhlopriečka do každého z 𝑛 − 3 vrcholov druhej
podstavy, s ktorými neležı́ v tej istej stene. Teda telesových uhlopriečok je𝑛(𝑛−3). Pri pohľade zhora telesové
uhlopriečky splývajú s uhlopriečkamipodstáv, pričomzakaždýmpriemetomsú dve telesové a dvepodstavné
uhlopriečky. Podstavných uhlopriečok je preto rovnako veľa ako telesových. V každej z 𝑛 bočných stien sú
dve uhlopriečky, teda stenových uhlopriečok je spolu 𝑛(𝑛 − 3) + 2𝑛 čiže 𝑛(𝑛 − 1).
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N1 9‑prvková množina je rozdelená do 6 neprázdnych podmnožı́n. Koľko najviac prvkov môže mať najväčšia
z týchto podmnožı́n?
Riešenie:
5 neprázdnych podmnožı́n obsahuje spolu najmenej 5 prvkov, na šiestu množinu ostávajú najviac 4 prvky.

N2 Vypı́šte všetky dvojprvkové množiny tvorené nesúdeliteľnými deliteľmi čı́sla 24.
Riešenie:
Delitele čı́sla 24 sú 1, 2, 3, 4, 6, 8, 12 a 24. Nesúdeliteľné dvojice sú {1, 2}, {1, 3}, {1, 4}, {1, 6}, {1, 8}, {1, 12},
{1, 24}, {2, 3}, {3, 4}, {3, 8}.

N3 Najmenej koľko množı́n potrebujeme na rozdelenie všetkých deliteľov čı́sla 100 tak, aby čı́sla v každej mno‑
žine boli po dvoch nesúdeliteľné?
Riešenie:


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();





Cƽ ı́slo 100 má 6 párnych deliteľov a 3 nepárne. Menej ako 6 množı́n teda nestačı́, ale 6 áno: {1, 2, 5}, {4, 25},
{10}, {20}, {50}, {100}.

N4 Ktoré prirodzené čı́sla majú iba nesúdeliteľné dvojice deliteľov?
Riešenie:
Akmá čı́slo vlastného deliteľa iného ako1, tak tento deliteľ spolu s daným čı́slom tvoria dvojicu súdeliteľných
deliteľov. Cƽ ı́sla s uvedenou vlastnosťou sú teda práve prvočı́sla.

D1 Dokážte, že akmá čı́slo aspoň jednéhopárnehodeliteľa, tak je aspoň polovica všetkých jehodeliteľovpárnych.
Riešenie:
Cƽ ı́sla s párnym deliteľom sú párne, pretože nepárne čı́sla majú iba nepárne delitele. Ak má párne čı́slo ne‑
párneho deliteľa 𝑑, tak aj čı́slo 2𝑑 je jeho deliteľom. Teda párnych deliteľov je aspoň toľko ako nepárnych.
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N1 Aký môže byť najmenšı́ a aký najväčšı́ ciferný súčet kladného prirodzeného čı́sla, ktoré má
a) 2 cifry;
b) 3 cifry;
c) 𝑛 ciϐier?
Riešenie:
Najmenšı́ ciferný súčet je vo všetkých prı́padoch 1, a to pre čı́sla s prvou cifrou 1 a ostatnými 0.
Najväčšı́ ciferný súčet je postupne 18, 27 a 9𝑛, a to pre čı́sla tvorené samými 9.

N2 Pripočı́tajte k čı́slu 74 jednociferné čı́slo tak, aby ciferný súčet výsledného čı́sla bol
a) menšı́
b) rovnaký
ako ciferný súčet čı́sla 74. Nájdite všetky možnosti.
Riešenie:
Pokiaľ pripočı́tanı́m nedôjde k prechodu cez desiatku, ciferný súčet sa zväčšı́. Vyhovujúce možnosti sú:
a) 6, 7 alebo 8;
b) 9.

N3 Nájdite všetky trojciferné čı́sla, ktorých ciferný súčet sa po pripočı́tanı́ 1 zmenšı́. Určte prı́slušné poklesy.
Riešenie:
Ciferný súčet se zmenšı́ pre čı́sla končiace cifrou9. Pre čı́sla tvaru ∗∗9, kde ∗ značı́ čı́slice iné ako98, sa ciferný
súčet zmenšı́ o 8, pre čı́sla tvaru ∗99 sa ciferný súčet zmenšı́ o 17, pre čı́slo 999 sa ciferný súčet zmenšı́ o 26.

D1 Jana si vymyslela2022‑ciferné čı́slo a jeho ciferný súčet pošepkala Petrovi. Peter vypočı́tal ciferný súčet čı́sla,
ktoré mu povedala Jana, a výsledok pošepkal Zuzke. Zuzka tiež vypočı́tala ciferný súčet čı́sla, ktoré dostala
od Petra, a výsledok, ktorý bol dvojciferný, pošepkala Adamovi. Adamurobil to isté s čı́slom od Zuzky a vyšiel
mu ciferný súčet 1. Aké čı́sla mohol pošepkať Peter Zuzke? Určte všetky možnosti.
Riešenie:
MO, 71. ročnı́k, Z9‑I‑2 (https://www.skmo.sk/dokument.php?id=3923).
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N1 Je daný rovnoramenný lichobežnı́k𝐴𝐵𝐶𝐷 so základňami𝐴𝐵 a𝐶𝐷. Bod𝐸 je priesečnı́komstrany𝐴𝐵 s osouuh‑
la 𝐵𝐶𝐷. Veľkosť uhla 𝐷𝐴𝐵 je 25∘. Vypočı́tajte veľkosti uhlov štvoruholnı́ka 𝐴𝐸𝐶𝐷.
Riešenie:
Z rovnobežnosti 𝐴𝐵 a 𝐶𝐷 vyplýva |∢𝐶𝐷𝐴| = 180∘ − 25∘ = 155∘. To je zároveň veľkosť uhla 𝐵𝐶𝐷, teda
|∢𝐸𝐶𝐷| = 155∘/2 = 77,5∘. Zo súčtu uhlov štvoruholnı́ka 𝐴𝐸𝐶𝐷 dostávame |∢𝐴𝐸𝐶| = 360∘ − |∢𝐸𝐶𝐷| −
|∢𝐶𝐷𝐴| − |∢𝐷𝐴𝐸| = 102,5∘.

𝐴 𝐵

𝐶𝐷

𝐸



N2 Je daný rovnoramenný trojuholnı́k 𝐴𝐵𝐶 so základňou 𝐴𝐵, kde |𝐴𝐵| = 4 cm a |𝐴𝐶| = 7 cm. Kružnica so stre‑
dom 𝐴 prechádzajúca bodom 𝐵 pretı́na stranu 𝐴𝐶 v bode𝐷. Kružnica so stredom 𝐶 prechádzajúca bodom𝐷
pretı́na stranu 𝐵𝐶 v bode 𝐸. Určte obvod trojuholnı́ka 𝐷𝐸𝐶.
Riešenie:
Body 𝐷 a 𝐸 ležia na kružnici so stredom 𝐶, teda trojuholnı́k 𝐷𝐸𝐶 je rovnoramenný so základňou 𝐷𝐸. Troj‑
uholnı́ky 𝐷𝐸𝐶 a 𝐴𝐵𝐶 sú rovnoľahlé so stredom 𝐶 a koeϐicientom |𝐷𝐶|

|𝐴𝐶| , t. j.
3
7 , lebo |𝐷𝐶| = |𝐴𝐶| − |𝐴𝐷| =

|𝐴𝐶|− |𝐴𝐵| = 7 cm−4 cm = 3 cm. V rovnakom pomere sú aj obvody trojuholnı́kov𝐷𝐸𝐶 a 𝐴𝐵𝐶. Obvod troj‑
uholnı́ka 𝐴𝐵𝐶 je 4 cm + 2 ⋅ 7 cm čiže 18 cm, obvod trojuholnı́ka 𝐷𝐸𝐶 je 3

7 ⋅ 18 cm čiže 54
7 cm, čo je približne

7,71 cm.

𝐴 𝐵

𝐶

𝐷 𝐸

N3 V trojuholnı́ku𝐴𝐵𝐶 sú na strane𝐴𝐵 body𝐾,𝑀, na strane𝐵𝐶 je bod 𝐿 a platı́𝐴𝐶 ∥ 𝐾𝐿, 𝐶𝐾 ∥ 𝐿𝑀, |𝐴𝐶| = 5 cm,
|𝐶𝐾| = 4 cm, |𝐾𝐿| = 3 cm. Určte dlƵžku úsečky 𝐿𝑀.
Riešenie:
Vďaka rovnobežnosti 𝐴𝐶 s 𝐾𝐿 a 𝐶𝐾 s 𝐿𝑀 sú trojuholnı́ky 𝐴𝐾𝐶 a 𝐾𝑀𝐿 rovnoľahlé so stredom 𝐵. Pomery
zodpovedajúcich strán sú preto rovnaké, takže |𝐴𝐶|

|𝐶𝐾| =
|𝐾𝐿|
|𝐿𝑀| . Podosadenı́ a úpravedostávame |𝐿𝑀| = 12

5 cm =
2,4 cm.

𝐴 𝐵

𝐶

𝐾

𝐿

𝑀
D1 Osi vnútorných uhlov rovnobežnı́ka 𝐴𝐵𝐶𝐷 ohraničujú štvoruholnı́k. Vyjadrite veľkosti jeho uhlov pomocou

veľkostı́ uhlov 𝐴𝐵𝐶𝐷.
Riešenie:

𝐴 𝐵

𝐶𝐷

𝑀



Pretože 𝐴𝐵𝐶𝐷 je rovnobežnı́k, je súmerný podľa svojho stredu, sú podľa tohto stredu súmerné aj osi jeho
protiľahlých uhlov. Ohraničený štvoruholnı́k je teda rovnobežnı́k. Nech𝑀 je priesečnı́k osı́ uhlov𝐷𝐴𝐵 a𝐴𝐵𝐶.
Potom

|∢𝐴𝑀𝐵| = 180∘ − |∢𝑀𝐴𝐵| − |∢𝑀𝐵𝐴| = 180∘ − 1
2 |∢𝐷𝐴𝐵| −

1
2 |∢𝐴𝐵𝐶|

= 180∘ − 1
2(|∢𝐷𝐴𝐵| + |∢𝐴𝐵𝐶|) = 180∘ − 1

2 ⋅ 180∘ = 180∘ − 90∘ = 90∘.

Jeden z uhlov ohraničeného rovnobežnı́ka je teda pravý, ide teda o obdlƵžnik. Pravé sú preto všetky jeho uhly.
D2 V trojuholnı́ku 𝐴𝐵𝐶 pretı́na os uhla 𝐵𝐴𝐶 stranu 𝐵𝐶 v bode 𝐷 a os uhla 𝐴𝐷𝐶 pretı́na stranu 𝐴𝐶 v bode 𝐸.

Trojuholnı́ky 𝐴𝐵𝐷 a 𝐷𝐶𝐸 sú podobné a strana 𝐴𝐵meria 10 cm. Určte obvod trojuholnı́ka 𝐴𝐵𝐶.
Riešenie:
Z podobnosti trojuholnı́kov𝐴𝐵𝐷 a𝐷𝐶𝐸 vyplýva zhodnosť uhlov𝐴𝐵𝐷 a𝐷𝐶𝐸, teda trojuholnı́k𝐴𝐵𝐶 je rovno‑
ramenný so základňou𝐵𝐶. Preto je os𝐴𝐷 kolmá na𝐵𝐶, čiže uhol𝐶𝐷𝐴 je pravý. Z tejto podobnosti ďalej plynie
zhodnosť uhlov 𝐵𝐴𝐷 a 𝐶𝐷𝐸, teda aj ich dvojnásobkov 𝐵𝐴𝐶 a 𝐶𝐷𝐴. Preto je aj uhol 𝐵𝐴𝐶 pravý a trojuholnı́k
𝐴𝐵𝐶 je pravouhlý. Veľkosti jeho strán 𝐴𝐶 a 𝐴𝐵 sú 10 cm a podľa Pytagorovej vety |𝐵𝐶| = 10√2 cm. Hľadaný
obvod je teda 10 cm+ 10 cm+ 10√2 cm čiže 10 ൫2 + √2൯ cm.

𝐴 𝐵

𝐶

𝐷𝐸

6

N1 Králici Pečienka, Fašı́rka, Rezeň a Guláš súťažili v skoku do diaľky. Pečienka skočila o 15 cmďalej ako Fašı́rka,
ktorá skočila o 20 cm menej ako Guláš. Rezeň skočil 273 cm, teda o 110 cm ďalej ako Pečienka. Určte dlƵžky
skokov všetkých králikov a ich výsledné poradie.
Riešenie:
MO, 70. ročnı́k, úloha Z6‑I‑1 (https://www.skmo.sk/dokument.php?id=3599).

N2 Mohol byť bazén zo súťažnej úlohy dlhý 13metrov?
Riešenie:
Predpokladajme, že bazénmá 13m, a označme 𝑡 čas prvéhomı́ňania sa plavcov. V čase 𝑡 boli 5modKaprovej
štartovacej strany, pričom Kapor preplával 5m a Pstruh 8m. V čase 2𝑡 preplával Kapor ďalšı́ch 5m a Pstruh
ďalšı́ch 8m, teda od Kaprovej strany bol Kapor 10m a Pstruh po obrátke 3m. V čase 3𝑡 pridal každý opäť
svoju vzdialenosť amı́ňali sa 11modKaprovej strany. Druhýkrát sa všakmali mı́ňať 5modKaprovej strany,
teda bazén nemohol merať 13m.

N3 Medzi dvoma zastávkami vzdialenými 2 km jazdia trolejbusy každých 5minút, a to v oboch smeroch rýchlos‑
ťou 15 km/h. Jurko šiel pozdlƵž trasy trolejbusu rýchlosťou 4 km/h. Keď vychádzal od prvej zastávky, práve
sa tu mı́ňali dva protiidúce trolejbusy. Koľko trolejbusov Jurko stretol cestou k druhej zastávke?
Riešenie:
Trolejbusy prejdú trasu medzi zastávkami za 2

15 h čiže 8min, Jurko ju prejde za 2
4 h čiže 30min. V smere

svojho pohybu Jurko stretol všetky trolejbusy, ktoré z prvej zastávky vyšli najneskôr 22. minútu jeho pohybu
na trase, a tých bolo 5 (vyšli vminútach 0, 5, 10, 15, 20). Proti smeru svojho pohybu stretol všetky trolejbusy,
ktoré do prvej zastávky došli najneskôr 38. minútu jeho pohybu na trase, a tých bolo 8 (došli v minútach 0,
5, 10, 15, 20, 25, 30, 35). Jurko stretol spolu 13 trolejbusov.
Názorne je všetko zachytené v nasledujúcom grafe. Sƽ ikmá čierna zodpovedá Jurkovmu pohybu, modré čiary
trolejbusom, ktoré ho predbiehali, a červené trolejbusom, ktoré šli oproti nemu.
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D1 Z mesta A do mesta B vyráža súčasne dodávka a kamión a v rovnakom čase oproti nim z B do A vyráža

motorka. Rýchlosti dodávky, kamiónu a motorky sú postupne 90 km/h, 40 km/h a 100 km/h. Vzdialenosť
miest A a B je 300 km. Za ako dlho bude dodávka vzdialená rovnako od kamiónu aj od motorky?
Riešenie:
Za čas 𝑡meraný v hodinách sa vozidlá nachádzajú vo vzdialenostiach 𝑡 ⋅90 km/h, 𝑡 ⋅40 km/h, resp. 300 km−
𝑡 ⋅ 100 km/h od mesta A. Situácia zo zadania nastane dvakrát. Prvýkrát v čase 𝑡1, predtým, ako sa stretne
motorka s dodávkou: Z rovnosti vzdialenostı́ dodávky od kamiónu a dodávky od motorky

𝑡1 ⋅ 90 km/h− 𝑡1 ⋅ 40 km/h = (300 km− 𝑡1 ⋅ 100 km/h) − 𝑡1 ⋅ 90 km/h,

odkiaľ 𝑡1 = 5
4 h. Druhýkrát nastane v čase 𝑡2, keď sa motorka mı́ňa s kamiónom: Z rovnostı́ vzdialenostı́

kamiónu a motorky od mesta A

𝑡2 ⋅ 40 km/h = 300 km− 𝑡2 ⋅ 100 km/h,

odkiaľ 𝑡2 =
15
7 h.

D2 Poľovnı́k ide rýchlosťou4 km/h. Keďsanachádza1 kmodhorárne, pustı́ psa, ktorý behá rýchlosťou10 km/h.
Pes plný radosti bežı́ k horárni, pri horárni sa rýchlo otočı́ a bežı́ naspäť k poľovnı́kovi. Pri ňom sa opäť otočı́
a bežı́ k horárni, od nej zasa k poľovnı́kovi a tak ďalej. Koľko kilometrov pes nabehá, kým obaja dorazia do
horárne?
Riešenie:
Stačı́ sa zamerať na čas: Poľovnı́k prejde 1 kmk horárni za 1

4 h. Pes celý tento čas bežal a ubehol 10 km/h ⋅ 14 h
čiže 2,5 km.
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