
MATEMATICKÁ OLYMPIÁDA 2025/2026
Riešenia úloh domácej prípravy kategórie A

1 Ostrov je rozdelený na niekoľko kráľovstiev. UƵ zemie každého kráľovstva je konvexný mnohouholnı́k, ktorý má
práve jeden najsevernejšı́, najjužnejšı́, najvýchodnejšı́ aj najzápadnejšı́ bod. Každý kráľ dostal 4 vlajky s pı́sme‑
nami S, J, V, Z, ktoré umiestnil do týchto významných bodov svojho kráľovstva. (Naprı́klad v mieste stretnutia
troch štátov na obrázku sú takto zapichnuté 2 vlajky kráľovstva označeného zelenou farbou, a to J a V, ale nie je
tam žiadna vlajka zvyšných dvoch kráľovstiev.) Vo vnútrozemı́ ostrova je krtinec, kde sa stretáva 7 kráľovstiev.
Určte všetky možné počty vlajok zapichnutých do krtinca.

(Josef Tkadlec)
Riešenie:
Keďže všetky kráľovstvá súmnohouholnı́ky, ich strany, ktoré z krtinca vychádzajú alebo cezeň prechádzajú, ležia
na 7 polpriamkach so spoločným začiatkom v ňom. Ten je vo vnútrozemı́ ostrova, takže tieto polpriamky delia
plný uhol okolo krtinca na 7 konvexných uhlov, a keďže kráľovstvá sú konvexné, každé ležı́ celé v jednom z nich.
Keďže každé kráľovstvo má jediný najvýchodnejšı́ bod, polpriamka so začiatkom v krtinci smerujúca na sever
nie je hranicou žiadneho z týchto 7 uhlov, jej vnútro teda ležı́ vnútri niektorého z nich. To isté platı́ aj pre k nej
opačnú polpriamku. Obe kráľovstvá ležiace v týchto uhloch teda nemajú v krtinci vlajku V ani vlajku Z. Každé
zo zvyšných 7 − 2 čiže 5 kráľovstiev však potom ležı́ celé buď na východ, alebo na západ od krtinca, takže má
v ňom buď vlajku Z, alebo vlajku V. To znamená, že v krtinci je práve 5 vlajok Z alebo V.
Analogicky je v ňom práve 5 vlajok S alebo J, takže spolu je tam práve 5 + 5 čiže 10 vlajok.
Na obrázku vidı́me prı́klad, kedy sa táto hodnota nadobúda.

2 Nech 𝑝 a 𝑞 sú reálne čı́sla také, že rovnici
ห𝑥2 − 1ห = 𝑝𝑥 + 𝑞

s neznámou 𝑥 vyhovujú práve 4 navzájom rôzne reálne čı́sla.
a) Určte všetky možné hodnoty súčtu týchto 4 čı́sel.
b) Dokážte, že súčin týchto 4 čı́sel ležı́ v intervale (−3, 1).

(Patrik Bak)
Riešenie:
Rovnica zo zadania je v prı́pade |𝑥| ≥ 1 ekvivalentná s rovnicou

𝑥2 − 1 = 𝑝𝑥 + 𝑞

a v prı́pade |𝑥| < 1 s rovnicou
−𝑥2 + 1 = 𝑝𝑥 + 𝑞.

Každá z týchto kvadratických rovnı́c má najviac 2 riešenia. Keďže podľa zadania má pôvodná rovnica 4 riešenia,
má každá z týchto rovnı́c práve 2 riešenia.
Prvú rovnicu ekvivalentne upravı́me na tvar

𝑥2 − 𝑝𝑥 − (𝑞 + 1) = 0,

takže podľa Viètových vzťahov majú jej dva korene súčet 𝑝.
Podobne druhú rovnicu upravı́me na

𝑥2 + 𝑝𝑥 + (𝑞 − 1) = 0,



takže podľa Viètových vzťahov majú jej dva korene súčet−𝑝. Preto je súčet všetkých štyroch koreňov 0.
Ešte však musı́me overiť, že je vôbec možné súčet 0 dosiahnuť, lebo inak by sa mohlo stať, že množina súčtov
všetkých 4 koreňov je prázdna. To je naozajmožné, naprı́klad v prı́pade 𝑝 = 0, 𝑞 = 1

2 , keď sú korene 1
2√6,−

1
2√6,1

2√2,−
1
2√2. Aby sme určili súčin všetkých koreňov, opäť použijeme Viètove vzťahy. Súčin koreňov prvej rovnice

je−(𝑞 + 1) a v druhej rovnici je 𝑞 − 1, preto je súčin všetkých štyroch koreňov−(𝑞 + 1)(𝑞 − 1) čiže 1 − 𝑞2.
Druhá rovnica má 2 korene z intervalu (−1, 1), ich súčin je preto tiež z tohto intervalu. Podľa Viètových vzťahov
je pritom rovný 𝑞−1, takže 𝑞 (0, 2). Preto je súčin 1−𝑞2 všetkých štyroch koreňov pôvodnej rovnice z intervalu
(−3, 1).
Poznámka:
Riešenie rovnice ห𝑥2 − 1ห = 𝑝𝑥 + 𝑞 si môžeme predstaviť graϐicky ako prienik priamky s rovnicou 𝑦 = 𝑝𝑥 + 𝑞
a grafu funkcie s rovnicou 𝑦 = ห𝑥2 − 1ห. Tento graf vznikne z paraboly s rovnicou 𝑦 = 𝑥2 −1 tak, že jej časť pod
vodorovnou osou 𝑥 (teda v prı́pade 𝑥 ∈ (−1, 1) sa preklopı́ osovo súmerne podľa osi 𝑥.
Poznámka:
UƵ lohu je možné riešiť aj bez Viètových vzťahov tak, že si všetky riešenia vyjadrı́me parametricky pomocou 𝑝 a 𝑞
a potom počı́tame už len s týmito vyjadreniami.

3 Hlavolam sa skladá z troch vodorovných tyčı́ a z 𝑛, kde 𝑛 ≥ 2, rôzne veľkých kotúčov zoradených na prvej tyči
podľa veľkosti. V jednom ťahu vysunieme z ľubovoľnej tyče krajný kotúč (zľava alebo sprava) a nasunieme ho na
inú tyč z tej istej strany. Hlavolam je vyriešený, keď sa všetky kotúče nachádzajú na druhej tyči zoradené rovnako
ako na začiatku. V závislosti od 𝑛 určte najmenšı́ možný počet ťahov, ktorý je potrebný na vyriešenie hlavolamu.

(Jozef Rajnı́k)
Riešenie:
Akexistujú nejaké2kotúče, z ktorých každý presúvame len1 ťahom, t. j. priamozprvej tyče nadruhú, nemôžeme
ich oba presúvať z tej istej strany, lebo ich vzájomné poradie po oboch týchto presunoch, a teda aj na konci
presúvania, by bolo opačné ako na začiatku.
Keďže tyč má len 2 konce, kotúče, z ktorých každý presúvame len 1 ťahom, sú najviac 2. Na presun každého
zo zvyšných 𝑛 − 2 kotúčov tak potrebujeme aspoň 2 ťahy, takže celkový počet ťahov je aspoň 2 ⋅ 1 + (𝑛 − 2) ⋅ 2
čiže 2 + (2𝑛 − 4) čiže 2𝑛 − 2.
Tento počet je dosiahnuteľný, a to naprı́klad takto:
1. Presunieme postupne 𝑛 − 2 najmenšı́ch kotúčov z prvej tyče na tretiu z ľavej strany, takže na tretej budú

v opačnom poradı́.
2. Presunieme druhý najväčšı́ kotúč z prvej tyče na druhú z ľavej strany.
3. Presunieme najväčšı́ kotúč z prvej tyče na druhú z pravej strany, takže oba najväčšie kotúče budú na druhej

v pôvodnom poradı́.
4. Presunieme postupne 𝑛 − 2 najmenšı́ch kotúčov z tretej tyče na druhú z ľavej strany, takže všetky kotúče

budú na druhej v pôvodnom poradı́.
Celkovo sme tak potrebovali naozaj (𝑛 − 2) + 1 + 1 + (𝑛 − 2) čiže 2𝑛 − 2 ťahov.

4 Nech 𝑎 a 𝑏 sú nesúdeliteľné prirodzené čı́sla také, že aj čı́sla 𝑎3 − 1 a 𝑏3 − 1 sú nesúdeliteľné. Dokážte, že čı́sla
𝑎2 − 𝑏 a 𝑏2 − 𝑎 sú tiež nesúdeliteľné.

(Patrik Bak)
Riešenie 1:
Nech sú čı́sla 𝑎2 − 𝑏 a 𝑏2 − 𝑎 súdeliteľné, teda existuje prvočı́slo 𝑝, ktoré ich obe delı́. Potom

𝑝 | (𝑎2 − 𝑏) − (𝑏2 − 𝑎) = (𝑎 − 𝑏)(𝑎 + 𝑏) + 𝑎 − 𝑏 = (𝑎 − 𝑏)(𝑎 + 𝑏 + 1).

Preto platı́ 𝑝 | 𝑎 − 𝑏 alebo 𝑝 | 𝑎 + 𝑏 + 1.


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();





• Ak 𝑝 | 𝑎 − 𝑏, máme 𝑝 | (𝑎2 − 𝑏) − (𝑎 − 𝑏) = 𝑎2 − 𝑎 = 𝑎(𝑎 − 1), takže 𝑝 | 𝑎 alebo 𝑝 | 𝑎 − 1. Prı́pad
𝑝 | 𝑎 však spolu s 𝑝 | 𝑎 − 𝑏 dáva 𝑝 | 𝑏, čo je spor s nesúdeliteľnosťou 𝑎 a 𝑏. Preto platı́ 𝑝 | 𝑎 − 1, a teda aj
𝑝 | (𝑎 − 1)(𝑎2 + 𝑎 + 1) = 𝑎3 − 1.

• Ak 𝑝 | 𝑎 + 𝑏 + 1, máme 𝑝 | (𝑎2 − 𝑏) + (𝑎 + 𝑏 + 1) = 𝑎2 + 𝑎 + 1, takže 𝑝 | (𝑎 − 1)(𝑎2 + 𝑎 + 1) = 𝑎3 − 1.
Analogicky 𝑝 | 𝑏3 − 1, čo je spor s nesúdeliteľnosťou čı́sel 𝑎3 − 1 a 𝑏3 − 1. Dostali sme spor so zadanı́m, a preto
platı́, že čı́sla 𝑎2 − 𝑏 a 𝑏2 − 𝑎 sú nesúdeliteľné.
Riešenie 2:
Nech sú čı́sla 𝑎2 − 𝑏 a 𝑏2 − 𝑎 súdeliteľné. Potom existuje prvočı́slo 𝑝 také, že 𝑝 | 𝑎2 − 𝑏 aj 𝑝 | 𝑏2 − 𝑎. Z toho
vyplýva 𝑎2mod𝑝 = 𝑏mod𝑝 a 𝑏2mod𝑝 = 𝑎mod𝑝, takže dostávame

𝑎4mod𝑝 = (𝑎2)2mod𝑝 = (𝑏2)mod𝑝 = 𝑎mod𝑝,

teda 𝑝 | 𝑎4 − 𝑎 = 𝑎(𝑎3 − 1).
Ak by platilo 𝑝 | 𝑎, tak z 𝑝 | 𝑏2 − 𝑎 dostávame 𝑝 | 𝑏2 a keďže 𝑝 je prvočı́slo, tak aj 𝑝 | 𝑏, čo je v spore
s nesúdeliteľnosťou čı́sel 𝑎 a 𝑏. Preto 𝑝 | 𝑎3 − 1.
Analogicky 𝑝 | 𝑏3−1, čo je v spore s nesúdeliteľnosťou𝑎3−1 a 𝑏3−1. Preto sú čı́sla 𝑎2−𝑏 a 𝑏2−𝑎 nesúdeliteľné.

5 Vnútri ostrouhlého trojuholnı́ka𝐴𝐵𝐶 je daný bod𝑅. Na stranách𝐴𝐵 a𝐵𝐶 ležia postupnebody𝑃 a𝑄 tak, že obvod
trojuholnı́ka 𝑃𝑄𝑅 je najmenšı́ možný. Podobne na stranách 𝐵𝐶 a 𝐴𝐶 ležia postupne body 𝑆 a 𝑇 tak, že obvod
trojuholnı́ka 𝑅𝑆𝑇 je najmenšı́ možný. Priamky 𝑃𝑄 a 𝑆𝑇 sa pretı́najú v bode 𝐾. Nech platı́ |∢𝐵𝐴𝐾| = |∢𝐶𝐴𝑅|.
Dokážte, že trojuholnı́ky 𝑃𝑄𝑅 a 𝑅𝑆𝑇majú rovnaký obvod.

(Michal Pecho)
Riešenie:
Nech 𝐿,𝑀, 𝑁 sú postupne obrazy bodu 𝑅 podľa priamok 𝐴𝐵, 𝐴𝐶, 𝐵𝐶.
Nech 𝑃 je ľubovoľný bod úsečky 𝐴𝐵 a 𝑄 ľubovoľný bod úsečky 𝐵𝐶. Zo súmernosti platı́ |𝐿𝑃| = |𝑃𝑅| a |𝑁𝑄| =
|𝑄𝑅|. Preto je obvod trojuholnı́ka 𝑃𝑄𝑅 rovný dlƵžke lomenej čiary 𝐿𝑃𝑄𝑁 Tá je aspoň |𝐿𝑁|, a táto hodnota sa na‑
dobúda práve vtedy, keď body 𝑃 a 𝑄 budú priesečnı́kmi úsečky 𝑁𝐿 postupne so stranami 𝐴𝐵 a 𝐵𝐶.
Ešte musı́me overiť, že úsečka𝑁𝐿 naozaj pretı́na strany 𝐴𝐵 a 𝐴𝐶.

𝐴

𝐵 𝐶

𝑁

𝐿

𝑃

𝑄

𝑅

Najprv ukážeme, že úsečka 𝑁𝐿 pretne polpriamky 𝐵𝐴, 𝐵𝐶. Platı́

|∢𝑁𝐵𝐿| = |∢𝑁𝐵𝑅| + |∢𝑅𝐵𝐿| = 2 ⋅ |∢𝐶𝐵𝑅| + 2 ⋅ |∢𝑅𝐵𝐴| = 2 ⋅ |∢𝐶𝐵𝐴| < 180∘,

takže uhol 𝑁𝐵𝐿 je konvexný a úsečka 𝑁𝐿 pretı́na obe polpriamky 𝐵𝐴 a 𝐵𝐶.
Zdôvodnı́me, že úsečka 𝑁𝐿 pretne aj polpriamky 𝐴𝐵 a 𝐶𝐵: Z ostrouhlosti trojuholnı́ka 𝐴𝐵𝐶 máme |∢𝐵𝐴𝐶| <
90∘ a 2 ⋅ |∢𝐵𝐴𝐶| < 180∘. To znamená, že obraz uhla 𝐵𝐴𝐶 v osovej súmernosti podľa priamky 𝐴𝐵 bude ležať
v polrovine 𝐴𝐶𝐵. Keďže 𝑅 ležı́ vo vnútri uhla 𝐵𝐴𝐶, jeho obraz 𝐿 v osovej súmernosti podľa priamky 𝐴𝐵 ležı́
v polrovine 𝐴𝐶𝐵. Analogicky ukážeme, že 𝐿 ležı́ v polrovine 𝐴𝐶𝐵, a preto aj úsečka 𝑁𝐿 ležı́ v polrovine 𝐴𝐶𝐵
a pretı́na polpriamky 𝐴𝐵 a 𝐵𝐶. To spolu s faktom, že úsečka 𝑁𝐿 pretı́na aj polpriamky 𝐵𝐴 a 𝐶𝐵 dáva, že úsečka
𝑁𝐿 naozaj pretı́na strany 𝐴𝐵 a 𝐵𝐶.
Analogicky sú 𝑆 a 𝑇 sú priesečnı́ky𝑁𝑀 postupne so stranami 𝐵𝐶 a 𝐴𝐶. Bod𝑁 ležı́ na priamkach 𝑃𝑄 a 𝑆𝑇, preto
je totožný s bodom 𝐾 zo zadania. Obvod trojuholnı́ka 𝑃𝑄𝑅 je tak |𝐿𝐾| a obvod trojuholnı́ka 𝑅𝑆𝑇 je |𝑀𝐾|.
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Trojuholnı́ky 𝐴𝐿𝐾 a 𝐴𝑀𝐾 majú spoločnú stranu 𝐴𝐾 a zo súmernostı́ vyplýva |𝐴𝐿| = |𝐴𝑅| = |𝐴𝑀|. Tiež platı́

|∢𝐾𝐴𝑀| = |∢𝐾𝐴𝐶| + |∢𝐶𝐴𝑀| = |∢𝐾𝐴𝐶| + |∢𝐶𝐴𝑅| = |∢𝐾𝐴𝐶| + |∢𝐵𝐴𝐾| = |∢𝐵𝐴𝐶|

a zároveň
|∢𝐿𝐴𝐾| = |∢𝐿𝐴𝐵| + |∢𝐵𝐴𝐾| = |∢𝐵𝐴𝑅| + |∢𝐶𝐴𝑅| = |∢𝐵𝐴𝐶| ,

takže |∢𝐿𝐴𝐾| = |∢𝐵𝐴𝐶| = |∢𝐾𝐴𝑀|. Trojuholnı́ky 𝐴𝐿𝐾 a 𝐴𝑀𝐾 sú tak pri tomto poradı́ vrcholov podľa vety sus,
preto |𝐿𝐾| = |𝑀𝐾|. Keďže sú tieto dlƵžky postupne rovné obvodom trojuholnı́kov 𝑃𝑄𝑅 a 𝑅𝑆𝑇, rovnajú sa aj tieto
obvody.

6 Na tabuli sú napı́sané 4 prirodzené čı́sla. Vykonávame nasledujúce kroky: zakaždým si vyberieme jedno z čı́sel
na tabuli, zotrieme ho a namiesto neho napı́šeme jeho druhú mocninu. Môžeme vždy po konečne veľa krokoch
dosiahnuť to, aby rozdiel niektorých dvoch čı́sel na tabuli bol násobok 97?

(Josef Tkadlec)
Riešenie 1:
Nech 𝑎 ∈ {0, 1, … , 96}. Keďže 97 je prvočı́slo, z malej Fermatovej vety máme 𝑎97mod97 = 𝑎. Platı́

൫𝑎32൯2mod97 = 𝑎64mod97

a tiež

൫𝑎64൯2mod97 = 𝑎128mod97 = 𝑎97mod97 ⋅ 𝑎31mod97 = 𝑎mod97 ⋅ 𝑎31mod97 = 𝑎32mod97.

Postupnosť ൫𝑎2𝑛 mod97൯∞𝑛=0 čiže

൫𝑎mod97, 𝑎2mod97, 𝑎4mod97, 𝑎8mod97, 𝑎16mod97, 𝑎32mod97, 𝑎64mod97, 𝑎128mod97,… ൯

je teda od istého člena periodická s (nie nutne najkratšou) periódou 2, v ktorej sa striedajú (nie nutne rôzne)
zvyšky 𝑎32mod97 a 𝑎64mod97.
Určı́me všetky zvyšky 𝑟, ktoré sa môžu objaviť v tejto periodickej časti. Keďže perióda je 2, platı́

൫𝑟2൯2mod97 = 𝑟4mod97 = 𝑟mod97,

teda
97 | 𝑟4 − 𝑟 = 𝑟 ൫𝑟3 − 1൯ = 𝑟(𝑟 − 1) ൫𝑟2 + 𝑟 + 1൯ .

Keďže 97 je prvočı́slo, je deliteľom jedného z členov posledného súčinu.
Rozoberme prı́pady:
• Nech 97 | 𝑟.
Potom 𝑟mod97 = 0 = 𝑟2mod97, takže v postupnosti sa od nejakého člena bude vyskytovať iba zvyšok 0.

• Nech 97 | 𝑟 − 1.
Potom 𝑟mod97 = 1 = 𝑟2mod97, takže aj v tomto prı́pade sa bude vyskytovať od nejakého člena iba jeden
zvyšok, a to 1.



• Nech 97 | 𝑟2 + 𝑟 + 1.
Ukážeme, že tejto podmienke vyhovujú práve dva rôzne zvyšky. Postupným umocňovanı́m čı́sla 2 zistı́me, že
vyhovujú zvyšky 232mod97 čiže 35 a 264mod97 čiže 352mod97 čiže 61.
Nech je podmienka 97 | 𝑟2+𝑟+1 splnená pre tri rôzne zvyšky 𝑟 z {2, 3, … , 96}, označme ich 𝑟1, 𝑟2, 𝑟3. Potom
97 | 𝑟21 + 𝑟1 + 1 a 97 | 𝑟22 + 𝑟2 + 1, takže

97 | ൫𝑟21 + 𝑟1 + 1൯ − ൫𝑟22 − 𝑟2 − 1൯ = (𝑟1 − 𝑟2)(𝑟1 + 𝑟2 + 1).

Keďže zvyšky 𝑟1 a 𝑟2 sú rôzne, platı́ 97 | 𝑟1 + 𝑟2 + 1. Analogicky 97 | 𝑟1 + 𝑟3 + 1, takže

97 | (𝑟1 + 𝑟2 + 1) − (𝑟1 + 𝑟3 + 1) = 𝑟2 − 𝑟3,

čo je spor.
Takže vo vyššie uvedenej postupnosti od istého miesta buď sa bude opakovať čı́slo 0, alebo sa bude opakovať
čı́slo 1, alebo sa budú striedať čı́sla 35 a 61.
Keďže sú na tabuli 4 čı́sla, pre dve z nichmusı́ nastať rovnaká možnosť. Vždy tedamôžeme dosiahnuť, že rozdiel
niektorých dvoch čı́sel bude násobkom 97.
Poznámka:
Konkrétne hodnoty 35 a 61 v skutočnosti nájsť nepotrebujeme – stačı́ ukázať, že existujú najviac dva zvyšky
𝑟 splƵňajúce 97 | 𝑟2 + 𝑟 + 1. Keďže periódu 1 máme len pre zvyšky 0 a 1, ktoré vyššie uvedenej podmienke
nevyhovujú, v treťom prı́pade sú postupnosti, kde sa striedajú dve rôzne čı́sla. Tieto čı́sla, pokiaľ vôbec existujú,
vyhovujú podmienke 97 | 𝑟2 + 𝑟 + 1, preto musia byť rovnaké nezávisle na počiatočnom čı́sle na tabuli.
Poznámka:
To, že existujú najviac dva zvyšky 𝑟 splƵňajúce 97 | 𝑟2 + 𝑟 + 1, je možné ukázať aj inak. Naprı́klad je možné to
(prácne) overiť pre všetky zvyšky od 2 po 96. Inou možnosťou je odvolať sa na fakt, že 𝑟2+𝑟+1 je kvadratický
polynóm, ktorý má po delenı́ prvočı́slom 97 najviac dva korene.
Riešenie 2:
Ak sú aspoň dve čı́sla na tabuli násobkom prvočı́sla 97, tak ich rozdiel bude tiež deliteľný 97. Predpokladajme
preto, že sú na tabuli napı́sané aspoň 3 čı́sla 𝑎, 𝑏, 𝑐, ktoré nie sú deliteľné 97.
Keďže 97 je nepárne prvočı́slo, existuje čı́slo 𝑟 také, že medzi čı́slami 𝑟1mod97, 𝑟2mod97, …, 𝑟96mod97 sa vy‑
skytujú všetky nenulové zvyšky po delenı́ 97. To znamená, že existuje prirodzené čı́slo𝛼 také, že 𝑟𝛼 mod97 = 𝑎.
Po 5 umocneniach dostaneme 𝑎32mod97 čiže 𝑟32𝛼 mod97. Z malej Fermatovej vety máme 𝑟96mod97 = 1.
Nech 𝛼 = 3𝑚 + 𝑛, kde𝑚 je prirodzené čı́slo a 𝑛 ∈ {0, 1, 2}. To znamená, že

𝑎32mod97 = 𝑟32𝛼 mod97 = 𝑟32⋅3𝑚+32𝑛mod97 = ൫𝑟32⋅3൯𝑚mod97 ⋅ 𝑟32𝑛mod97

= 1 ⋅ 𝑟32𝑛mod97 = 𝑟32𝑛mod97 ∈ ൛𝑟0mod97, 𝑟32mod97, 𝑟64mod97ൟ .

Analogicky
𝑏32mod97, 𝑐32mod97 ∈ ൛𝑟0mod97, 𝑟32mod97, 𝑟64mod97ൟ .

Rozoberme prı́pady:
• Nech dávajú dve z čı́sel 𝑎32, 𝑏32, 𝑐32 po delenı́ 97 rovnaký zvyšok,
Potom 97 delı́ ich rozdiel.

• Nech dávajú všetky čı́sla 𝑎32, 𝑏32, 𝑐32 po delenı́ 97 rôzne zvyšky.
Bez ujmy na všeobecnosti nech 𝑎32mod97 = 𝑟32mod97 a 𝑏32mod97 = 𝑟96mod97. Potom však platı́
𝑎64mod97 = 𝑟96mod97, takže 𝑎64 − 𝑏32 je násobok 97.

Riešenie 3:
Rozdiel dvoch prirodzených čı́sel je deliteľný nenulovým prirodzeným čı́slom práve vtedy, keď dávajú po delenı́
týmto čı́slom rovnaké zvyšky.
Nech 𝑎 a 𝑏 sú prirodzené čı́sla. Keďže platı́

(97𝑎 + 𝑏)2 = (97𝑎)2 + 2 ⋅ 97𝑎 ⋅ 𝑏 + 𝑏2 = 97 ⋅ 97𝑎2 + 97 ⋅ 2𝑎𝑏 + 𝑏2 = 97 ൫97𝑎2 + 2𝑎𝑏൯ + 𝑏2,

čı́slo (97𝑎 + 𝑏)2 má po delenı́ 97 rovnaký zvyšok ako 𝑏2.
Nech 𝑓 je funkcia z množiny ℕ do množiny {0, … , 96} taká, že

𝑓(𝑛) = 𝑛2mod97.



Pôvodnú úlohu potommôžeme ekvivalentne preformulovať tak, že čı́sla z množiny {0, … , 96} sú nahradzované
hodnotou funkcie 𝑓 v nich a treba zistiť, či po konečnom počte takýchto krokov budú niektoré dve čı́sla rovnaké.
Po 𝑘 krokoch sa teda z čı́sla 𝑛 stane čı́slo 𝑓𝑘(𝑛).
Pre každé 𝑛 z {0, … , 96} platı́

𝑓(97 − 𝑛) = ൫(97 − 𝑛)2൯mod97 = ൫972 − 2 ⋅ 97 ⋅ 𝑛 + 𝑛2൯mod97 = 𝑛2mod97 = 𝑓(𝑛),
a teda aj pre každé nenulové prirodzené čı́slo 𝑘 platı́ 𝑓𝑘(97 − 𝑛) = 𝑓𝑘(𝑛).
Ukážeme, že pre každé čı́slo 𝑛 z tejto množiny existuje 𝑘 z množiny {0, 1, 2, 3, 4, 5, 6} také, že 𝑓𝑘(𝑛) ∈ {0, 1, 61}:
• Ak 𝑛 ∈ {61, 1, 0}, tak 𝑓0(𝑛) = 𝑛 ∈ {0, 1, 61}.
• Ak 𝑛 ∈ {96, 62, 35}, ukážeme, že 𝑓1(𝑛) ∈ {1, 61}:

• 𝑓1(62) = 𝑓1(97 − 62) = 𝑓1(35) = 𝑓(35) = 352mod97 = 1225mod97 = 61.
• 𝑓1(96) = 𝑓(96) = 962mod97 = 9216mod97 = 1.

• Ak 𝑛 ∈ {81, 75, 36, 22, 16}, ukážeme, že 𝑓2(𝑛) ∈ {1, 61}:
• 𝑓2(81) = 𝑓2(97 − 81) = 𝑓2(16) = 𝑓1 (𝑓(16)) = 𝑓1 ൫162mod97൯ = 𝑓1(256mod97) = 𝑓1(62) = 61.
• 𝑓2(75) = 𝑓2(97 − 75) = 𝑓2(22) = 𝑓1 (𝑓(22)) = 𝑓1 ൫222mod97൯ = 𝑓1(484mod97) = 𝑓1(96) = 1.
• 𝑓2(36) = 𝑓1 (𝑓(36)) = 𝑓1 ൫362mod97൯ = 𝑓1(1296mod97) = 𝑓1(35) = 61.

• Ak 𝑛 ∈ {93, 91, 88, 64, 50, 47, 33, 9, 6, 4}, ukážeme, že 𝑓3(𝑛) ∈ {1, 61}:
• 𝑓3(93) = 𝑓3(97 − 93) = 𝑓3(4) = 𝑓2 (𝑓(4)) = 𝑓2 ൫42mod97൯ = 𝑓2(16mod97) = 𝑓2(16) = 61.
• 𝑓3(91) = 𝑓3(97 − 91) = 𝑓3(6) = 𝑓2 (𝑓(6)) = 𝑓2 ൫62mod97൯ = 𝑓2(36mod97) = 𝑓2(36) = 61.
• 𝑓3(88) = 𝑓3(97 − 88) = 𝑓3(9) = 𝑓2 (𝑓(9)) = 𝑓2 ൫92mod97൯ = 𝑓2(81mod97) = 𝑓2(81) = 61.
• 𝑓3(64) = 𝑓3(97 − 64) = 𝑓3(33) = 𝑓2 (𝑓(33)) = 𝑓2 ൫332mod97൯ = 𝑓2(1089mod97) = 𝑓2(22) = 1.
• 𝑓3(50) = 𝑓3(97 − 50) = 𝑓3(47) = 𝑓2 (𝑓(47)) = 𝑓2 ൫472mod97൯ = 𝑓2(2209mod97) = 𝑓2(75) = 1.

• Ak 𝑛 ∈ {95, 94, 89, 85, 79, 73, 70, 66, 54, 53, 44, 43, 31, 27, 24, 18, 12, 8, 3, 2}, ukážeme, že 𝑓4(𝑛) ∈ {1, 61}:
• 𝑓4(95) = 𝑓4(97 − 95) = 𝑓4(2) = 𝑓3 (𝑓(2)) = 𝑓3 ൫22mod97൯ = 𝑓3(4mod97) = 𝑓3(4) = 61.
• 𝑓4(94) = 𝑓4(97 − 94) = 𝑓4(3) = 𝑓3 (𝑓(3)) = 𝑓3 ൫32mod97൯ = 𝑓3(9mod97) = 𝑓3(9) = 61.
• 𝑓4(89) = 𝑓4(97 − 89) = 𝑓4(8) = 𝑓3 (𝑓(8)) = 𝑓3 ൫82mod97൯ = 𝑓3(64mod97) = 𝑓3(64) = 1.
• 𝑓4(85) = 𝑓4(97 − 85) = 𝑓4(12) = 𝑓3 (𝑓(12)) = 𝑓3 ൫122mod97൯ = 𝑓3(144mod97) = 𝑓3(47) = 1.
• 𝑓4(79) = 𝑓4(97 − 79) = 𝑓4(18) = 𝑓3 (𝑓(18)) = 𝑓3 ൫182mod97൯ = 𝑓3(324mod97) = 𝑓3(33) = 1.
• 𝑓4(73) = 𝑓4(97 − 73) = 𝑓4(24) = 𝑓3 (𝑓(24)) = 𝑓3 ൫242mod97൯ = 𝑓3(576mod97) = 𝑓3(91) = 61.
• 𝑓4(70) = 𝑓4(97 − 70) = 𝑓4(27) = 𝑓3 (𝑓(27)) = 𝑓3 ൫272mod97൯ = 𝑓3(729mod97) = 𝑓3(50) = 1.
• 𝑓4(66) = 𝑓4(97 − 66) = 𝑓4(31) = 𝑓3 (𝑓(31)) = 𝑓3 ൫312mod97൯ = 𝑓3(961mod97) = 𝑓3(88) = 61.
• 𝑓4(54) = 𝑓4(97 − 54) = 𝑓4(43) = 𝑓3 (𝑓(43)) = 𝑓3 ൫432mod97൯ = 𝑓3(1849mod97) = 𝑓3(6) = 61.
• 𝑓4(53) = 𝑓4(97−53) = 𝑓4(44) = 𝑓3 (𝑓(44)) = 𝑓3 ൫442mod97൯ = 𝑓3(1936mod97) = 𝑓3(93) = 61.

• Ak 𝑛 ∈ {87, 86, 83, 82, 80, 78, 77, 76, 74, 72, 71, 69, 67, 65, 63, 58, 55, 52, 51, 49, 48, 46, 45, 42, 39, 34, 32, 30,
28, 26, 25, 23, 21, 20, 19, 17, 15, 14, 11, 10}, ukážeme, že 𝑓5(𝑛) ∈ {1, 61}:
• 𝑓5(87) = 𝑓5(97 − 87) = 𝑓5(10) = 𝑓4 (𝑓(10)) = 𝑓4 ൫102mod97൯ = 𝑓4(100mod97) = 𝑓4(3) = 61.
• 𝑓5(86) = 𝑓5(97 − 86) = 𝑓5(11) = 𝑓4 (𝑓(11)) = 𝑓4 ൫112mod97൯ = 𝑓4(121mod97) = 𝑓4(24) = 61.
• 𝑓5(83) = 𝑓5(97 − 83) = 𝑓5(14) = 𝑓4 (𝑓(14)) = 𝑓4 ൫142mod97൯ = 𝑓4(196mod97) = 𝑓4(2) = 61.
• 𝑓5(82) = 𝑓5(97 − 82) = 𝑓5(15) = 𝑓4 (𝑓(15)) = 𝑓4 ൫152mod97൯ = 𝑓4(225mod97) = 𝑓4(31) = 61.
• 𝑓5(80) = 𝑓5(97 − 80) = 𝑓5(17) = 𝑓4 (𝑓(17)) = 𝑓4 ൫172mod97൯ = 𝑓4(289mod97) = 𝑓4(95) = 61.
• 𝑓5(78) = 𝑓5(97 − 78) = 𝑓5(19) = 𝑓4 (𝑓(19)) = 𝑓4 ൫192mod97൯ = 𝑓4(361mod97) = 𝑓4(70) = 1.
• 𝑓5(77) = 𝑓5(97 − 77) = 𝑓5(20) = 𝑓4 (𝑓(20)) = 𝑓4 ൫202mod97൯ = 𝑓4(400mod97) = 𝑓4(12) = 1.
• 𝑓5(76) = 𝑓5(97 − 76) = 𝑓5(21) = 𝑓4 (𝑓(21)) = 𝑓4 ൫212mod97൯ = 𝑓4(441mod97) = 𝑓4(53) = 61.
• 𝑓5(74) = 𝑓5(97 − 74) = 𝑓5(23) = 𝑓4 (𝑓(23)) = 𝑓4 ൫232mod97൯ = 𝑓4(529mod97) = 𝑓4(44) = 61.
• 𝑓5(72) = 𝑓5(97 − 72) = 𝑓5(25) = 𝑓4 (𝑓(25)) = 𝑓4 ൫252mod97൯ = 𝑓4(625mod97) = 𝑓4(43) = 61.
• 𝑓5(71) = 𝑓5(97 − 71) = 𝑓5(26) = 𝑓4 (𝑓(26)) = 𝑓4 ൫262mod97൯ = 𝑓4(676mod97) = 𝑓4(94) = 61.
• 𝑓5(69) = 𝑓5(97 − 69) = 𝑓5(28) = 𝑓4 (𝑓(28)) = 𝑓4 ൫282mod97൯ = 𝑓4(784mod97) = 𝑓4(8) = 1.



• 𝑓5(67) = 𝑓5(97 − 67) = 𝑓5(30) = 𝑓4 (𝑓(30)) = 𝑓4 ൫302mod97൯ = 𝑓4(900mod97) = 𝑓4(27) = 1.
• 𝑓5(65) = 𝑓5(97−65) = 𝑓5(32) = 𝑓4 (𝑓(32)) = 𝑓4 ൫322mod97൯ = 𝑓4(1024mod97) = 𝑓4(54) = 61.
• 𝑓5(63) = 𝑓5(97 − 63) = 𝑓5(34) = 𝑓4 (𝑓(34)) = 𝑓4 ൫342mod97൯ = 𝑓4(1156mod97) = 𝑓4(89) = 1.
• 𝑓5(58) = 𝑓5(97−58) = 𝑓5(39) = 𝑓4 (𝑓(39)) = 𝑓4 ൫392mod97൯ = 𝑓4(1521mod97) = 𝑓4(66) = 61.
• 𝑓5(55) = 𝑓5(97 − 55) = 𝑓5(42) = 𝑓4 (𝑓(42)) = 𝑓4 ൫422mod97൯ = 𝑓4(1764mod97) = 𝑓4(18) = 1.
• 𝑓5(52) = 𝑓5(97 − 52) = 𝑓5(45) = 𝑓4 (𝑓(45)) = 𝑓4 ൫452mod97൯ = 𝑓4(2025mod97) = 𝑓4(85) = 1.
• 𝑓5(51) = 𝑓5(97 − 51) = 𝑓5(46) = 𝑓4 (𝑓(46)) = 𝑓4 ൫462mod97൯ = 𝑓4(2116mod97) = 𝑓4(79) = 1.
• 𝑓5(49) = 𝑓5(97−49) = 𝑓5(48) = 𝑓4 (𝑓(48)) = 𝑓4 ൫482mod97൯ = 𝑓4(2304mod97) = 𝑓4(73) = 61.

• Ak 𝑛 ∈ {92, 90, 84, 68, 60, 59, 57, 56, 41, 40, 38, 37, 29, 13, 7, 5}, ukážeme, že 𝑓6(𝑛) ∈ {1, 61}:
• 𝑓6(92) = 𝑓6(97 − 92) = 𝑓6(5) = 𝑓5 (𝑓(5)) = 𝑓5 ൫52mod97൯ = 𝑓5(25mod97) = 𝑓5(25) = 61.
• 𝑓6(90) = 𝑓6(97 − 90) = 𝑓6(7) = 𝑓5 (𝑓(7)) = 𝑓5 ൫72mod97൯ = 𝑓5(49mod97) = 𝑓5(49) = 61.
• 𝑓6(84) = 𝑓6(97 − 84) = 𝑓6(13) = 𝑓5 (𝑓(13)) = 𝑓5 ൫132mod97൯ = 𝑓5(169mod97) = 𝑓5(72) = 61.
• 𝑓6(68) = 𝑓6(97 − 68) = 𝑓6(29) = 𝑓5 (𝑓(29)) = 𝑓5 ൫292mod97൯ = 𝑓5(841mod97) = 𝑓5(65) = 61.
• 𝑓6(60) = 𝑓6(97−60) = 𝑓6(37) = 𝑓5 (𝑓(37)) = 𝑓5 ൫372mod97൯ = 𝑓5(1369mod97) = 𝑓5(11) = 61.
• 𝑓6(59) = 𝑓6(97−59) = 𝑓6(38) = 𝑓5 (𝑓(38)) = 𝑓5 ൫382mod97൯ = 𝑓5(1444mod97) = 𝑓5(86) = 61.
• 𝑓6(57) = 𝑓6(97−57) = 𝑓6(40) = 𝑓5 (𝑓(40)) = 𝑓5 ൫402mod97൯ = 𝑓5(1600mod97) = 𝑓5(48) = 61.
• 𝑓6(56) = 𝑓6(97−56) = 𝑓6(41) = 𝑓5 (𝑓(41)) = 𝑓5 ൫412mod97൯ = 𝑓5(1681mod97) = 𝑓5(32) = 61.

Z každého zo 4 čı́sel na tabuli sa teda po istom konečnom počte krokov stane jedno z 3 čı́sel 0, 1, 61, podľa
Dirichletovho princı́pu preto budú aspoň 2 z nich po týchto krokoch rovnaké.
Odpoveď na otázku zo zadania je teda pozitıv́na.
Poznámka:
Predchádzajúce výpočtymožno sprehľadniť orientovaným grafom, v ktorompre každý zvyšok 𝑥 vedie hrana z 𝑥
do 𝑥2mod97. Tento graf má 3 komponenty súvislosti, takže aspoň 2 zvyšky sú v tom istom.
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