MATEMATICKA OLYMPIADA 2025/2026

RieSenia uloh domacej pripravy kategorie A

1 Ostrov je rozdeleny na niekol’ko kralovstiev. Uzemie kazdého kralovstva je konvexny mnohouholnik, ktory ma
prave jeden najsevernejsi, najjuznejsi, najvychodnejsi aj najzdpadnejsi bod. Kazdy kral’ dostal 4 vlajky s pisme-
nami S, J,V, Z, ktoré umiestnil do tychto vyznamnych bodov svojho kralovstva. (Napriklad v mieste stretnutia
troch Statov na obrazku su takto zapichnuté 2 vlajky kralovstva oznaceného zelenou farbou, a to J a V, ale nie je
tam ziadna vlajka zvys$nych dvoch kralovstiev.) Vo vnitrozemi ostrova je Krtinec, kde sa stretava 7 kralovstiev.
Urcte vSetky mozné pocty vlajok zapichnutych do krtinca.

~

KedZe vsetky kralovstva si mnohouholniky, ich strany, ktoré z krtinca vychadzaju alebo cezen prechadzajy, lezia
na 7 polpriamkach so spolo¢nym zaciatkom v nom. Ten je vo vnutrozemi ostrova, takze tieto polpriamky delia
plny uhol okolo krtinca na 7 konvexnych uhlov, a kedZe kralovstva su konvexné, kazdé lezi celé v jednom z nich.

(Josef Tkadlec)
RieSenie:

KedZe kazdé kralovstvo ma jediny najvychodnejsi bod, polpriamka so zaciatkom v krtinci smerujica na sever
nie je hranicou ziadneho z tychto 7 uhlov, jej vnutro teda lezi vnutri niektorého z nich. To isté plati aj pre k nej
opacnu polpriamku. Obe kralovstva leZiace v tychto uhloch teda nemajt v krtinci vlajku V ani vlajku Z. Kazdé
zo zvySnych 7 — 2 ¢ize 5 kralovstiev vSak potom leZi celé bud’ na vychod, alebo na zapad od krtinca, takZe ma
v iom bud’ vlajku Z, alebo vlajku V. To znameng, Ze v krtinci je prave 5 vlajok Z alebo V.

Analogicky je v iom prave 5 vlajok S alebo J, takZe spolu je tam prave 5 + 5 ¢iZe 10 vlajok.

Na obrazku vidime priklad, kedy sa tato hodnota nadobuda.

2 Nech p a g su redlne Cisla také, Ze rovnici
|x2—1| =px+q
s neznamou x vyhovuju prave 4 navzajom rozne realne ¢isla.
a) Urcte vSetky mozné hodnoty suctu tychto 4 cCisel.
b) Dokazte, Ze sucin tychto 4 cisel lezi v intervale (=3, 1).
(Patrik Bak)
RieSenie:
Rovnica zo zadania je v pripade |x| = 1 ekvivalentna s rovnicou
2 _ 1=
X =px+q
av pripade |x| < 1 s rovnicou
—x2+1=px+gq.
Kazda z tychto kvadratickych rovnic ma najviac 2 rieSenia. KedZe podla zadania ma pévodna rovnica 4 riesenia,
ma kazda z tychto rovnic prave 2 rieSenia.

Prvi rovnicu ekvivalentne upravime na tvar
x*—px—(q+1)=0,

takZe podla Vietovych vztahov maju jej dva korene sucet p.
Podobne druhd rovnicu upravime na
x>+px+(q—1)=0,



takze podla Vietovych vztahov maju jej dva korene sticet —p. Preto je stucet vSetkych Styroch korenov 0.

ESte v§ak musime overit, Ze je vobec moZné sucet 0 dosiahnut, lebo inak by sa mohlo stat, Ze mnoZina suctov
vSetkych 4 korenov je prazdna. To je naozaj mozné, napriklad v pripadep = 0,q = %, ked’ su korene %\/3, —%\/E,
%\/Z —%\/E . Aby sme ur¢ili sti¢in vSetkych korefiov, opat pouZijeme Viétove vztahy. Sucin koreniov prvej rovnice
je —(q + 1) a v druhej rovnici je g — 1, preto je sidin vSetkych $tyroch koretiov —(q + 1)(gq — 1) &ize 1 — q2.
Druha rovnica ma 2 korene z intervalu (—1, 1), ich sui¢in je preto tieZ z tohto intervalu. Podla Vietovych vztahov
je pritom rovny q — 1, takZe q (0, 2). Preto je sucin 1 — g2 vSetkych $tyroch koreniov pévodnej rovnice z intervalu
Poznamka:

RieSenie rovnice |x2 - 1| = px + q si m6Zeme predstavit graficky ako prienik priamky s rovnicouy = px +q
a grafu funkcie s rovnicou y = |x2 - 1|. Tento graf vznikne z paraboly s rovnicouy = x2 — 1 tak, Ze jej ¢ast’ pod
vodorovnou osou x (teda v pripade x € (—1, 1) sa preklopi osovo simerne podla osi x.

Poznamka:

Ulohu je moZné riesit aj bez Viétovych vztahov tak, Ze si vietky rie$enia vyjadrime parametricky pomocoup a q
a potom pocitame uz len s tymito vyjadreniami.

Hlavolam sa sklada z troch vodorovnych ty¢i a z n, kde n > 2, r6zne vel’kych koticov zoradenych na prvej tyci
podla vel'kosti. V jednom tahu vysunieme z l'ubovolnej tyCe krajny kotac¢ (zlava alebo sprava) a nasunieme ho na
inu tyC z tej istej strany. Hlavolam je vyrieSeny, ked sa vSetky kottice nachadzaji na druhej ty¢i zoradené rovnako
ako na zaciatku. V zavislosti od n urcte najmensi mozny pocet tahov, ktory je potrebny na vyriesenie hlavolamu.

(Jozef Rajnik)
RieSenie:
Ak existuju nejaké 2 kotuce, z ktorych kazdy prestivame len 1 tahom, t.j. priamo z prvej ty¢e na druhd, nemézeme
ich oba presuvat z tej istej strany, lebo ich vzajomné poradie po oboch tychto presunoch, a teda aj na konci
prestvania, by bolo opacné ako na zaciatku.

KedZe ty¢ ma len 2 konce, kottice, z ktorych kazdy prestivame len 1 tahom, sd najviac 2. Na presun kazdého

zo zvySnych n — 2 kotu¢ov tak potrebujeme aspoii 2 tahy, takze celkovy pocet tahovjeaspoi2-1+ (n—2) -2

Cize 2 + (2n — 4) CiZe 2n — 2.

Tento pocet je dosiahnutelny, a to napriklad takto:

1. Presunieme postupne n — 2 najmensich kotiicov z prvej tyCe na tretiu z lavej strany, takze na tretej budu
v opac¢nom poradi.

2. Presunieme druhy najvacsi kotuc z prvej tyce na druht z lavej strany.

3. Presunieme najvacsi kotdc z prvej ty€e na druht z pravej strany, takze oba najvacsie kottice budud na druhej
v pé6vodnom poradi.

4. Presunieme postupne n — 2 najmensich kotticov z tretej tyc¢e na druhu z lavej strany, takze vSetky kotuce
budu na druhej v p6vodnom poradi.

Celkovo sme tak potrebovali naozaj (n — 2) + 1 + 1 4+ (n — 2) ¢iZe 2n — 2 tahow.

Nech a a b st nesudelitelné prirodzené ¢isla také, Ze aj ¢isla a3 — 1a b3 — 1 st nestdelitelné. Dokazte, Ze &isla
a? — b a b? — a st tieZ nestdelitelné.

(Patrik Bak)
RieSenie 1:

Nech su &isla a? — b a b? — a stdelitelné, teda existuje prvoéislo p, ktoré ich obe deli. Potom
pl@—b)—(b?—-a)=(a—b)(a+b)+a—b=(a—b)(a+b+1).

Pretoplatip |a —balebop |a+ b + 1.



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();




e Akp | a—b,mamep | (a>—b)—(a—b) = a? —a = a(a — 1), takZep | a alebop | a — 1. Pripad
p | avsakspolusp | a — b davap | b, Co je spor s nesudelitelnostou a a b. Preto plati p | a — 1, a teda aj
pla@a-1D@+a+1)=a®-1

e Akp|la+hb+1,mimep| (a>—b)+(a+b+1)=a’+a+1,takzep | (a—1)(a*+a+1)=a° -1
Analogicky p | b3 — 1, ¢o je spor s nestdelitelnostou ¢isel a® — 1 a b3 — 1. Dostali sme spor so zadanim, a preto
plati, Ze ¢isla a®? — b a b? — a st nesudelitelné.

RieSenie 2:
Nech st ¢&isla a? — b a b? — a sudelitené. Potom existuje prvoéislo p také, e p | a> — b ajp | b?> — a. Z toho
vyplyva a® modp = b mod p a b2 mod p = a mod p, takZe dostdvame

a*modp = (a?)?modp = (b?) modp = amodp,

tedap | a* —a =a(a® - 1).
Ak by platilop | a, takzp | b? — a dostdvame p | b? a kedZe p je prvocislo, tak aj p | b, €o je v spore
s nestidelitelnostou &isel a a b. Pretop | a® — 1.

Analogicky p | b®—1, ¢oje vspore s nestidelitelnostou a® —1 a b3 — 1. Preto su ¢isla a? — b a b? —a nestdelitel'né.

Vnutri ostrouhlého trojuholnika ABC je dany bod R. Na stranidch AB a BC lezia postupne body P a Q tak, ze obvod
trojuholnika PQR je najmensi moZny. Podobne na strandch BC a AC leZia postupne body S a T tak, Ze obvod
trojuholnika RST je najmens$i moZny. Priamky PQ a ST sa pretinaji v bode K. Nech plati |*BAK| = |«CAR]|.
Dokazte, Ze trojuholniky PQR a RST maju rovnaky obvod.

(Michal Pecho)
RiesSenie:
Nech L, M, N st postupne obrazy bodu R podla priamok AB, AC, BC.
Nech P je lubovolny bod tisecky AB a Q lubovolny bod tGse¢ky BC. Zo simernosti plati |LP| = [PR|a |[NQ| =
|QR]. Preto je obvod trojuholnika PQR rovny dlzke lomenej ¢iary LPQN Téa je aspoii |LN|, a tato hodnota sa na-
dobuda prave vtedy, ked body P a Q budt priese¢nikmi tisecky N L postupne so stranami AB a BC.

ESte musime overit, Ze Uisecka N L naozaj pretina strany AB a AC.

Najprv ukazeme, Ze Gsecka NL pretne polpriamky BA, BC. Plati
|[*NBL| = |&NBR| + |&RBL| = 2 - |*CBR| + 2 - |<RBA| = 2 - |«CBA| < 180°,

takze uhol NBL je konvexny a usecka NL pretina obe polpriamky BA a BC.

Zddvodnime, Ze tseCka NL pretne aj polpriamky AB a CB: Z ostrouhlosti trojuholnika ABC mame |&BAC| <
90° a2 - |¥BAC| < 180°. To znamen3, Ze obraz uhla BAC v osovej simernosti podla priamky AB bude lezat
v polrovine ACB. KedZe R leZ{ vo vnutri uhla BAC, jeho obraz L v osovej simernosti podla priamky AB lezi
v polrovine ACB. Analogicky ukaZeme, Ze L leZi v polrovine ACB, a preto aj usec¢ka NL leZi v polrovine ACB
a pretina polpriamky AB a BC. To spolu s faktom, Ze usecka NL pretina aj polpriamky BA a CB dava, Ze usecka
NL naozaj pretina strany AB a BC.

Analogicky su S a T st priese¢niky NM postupne so stranami BC a AC. Bod N leZi na priamkach PQ a ST, preto
je totoZny s bodom K zo zadania. Obvod trojuholnika PQR je tak |LK| a obvod trojuholnika RST je |MK]|.



Trojuholniky ALK a AMK maju spolo¢nt stranu AK a zo simernosti vyplyva |AL| = |AR| = |AM|. TieZ plati
|%<KAM| = |2KAC| + |2CAM| = |<KAC| + |<CAR| = |%KAC| + |%BAK| = |<BAC]

a zaroven
|«LAK| = |«<LAB| + |&¥BAK| = |*BAR| + |<CAR| = |<BAC|,

takze |%LAK| = |<BAC| = |*KAM]|. Trojuholniky ALK a AMK st tak pri tomto poradi vrcholov podla vety sus,
preto |LK| = |MK|. KedZe st tieto dlzky postupne rovné obvodom trojuholnikov PQR a RST, rovnaju sa aj tieto
obvody.

Na tabuli st napisané 4 prirodzené ¢isla. Vykonavame nasledujuice kroky: zakazdym si vyberieme jedno z cisel
na tabuli, zotrieme ho a namiesto neho napiSeme jeho druhti mocninu. MéZeme vzdy po konecne vela krokoch
dosiahnut’ to, aby rozdiel niektorych dvoch ¢isel na tabuli bol ndsobok 977

(Josef Tkadlec)
RieSenie 1:

Nech a € {0, 1, ...,96}. Ked%e 97 je prvoéislo, z malej Fermatovej vety madme a°” mod 97 = a. Plati
(a32)2 mod 97 = a®* mod 97
atiez
(a64)2 mod 97 = a'?® mod 97 = a°” mod 97 - a3* mod 97 = amod 97 - a®*! mod 97 = a3? mod 97.
Postupnost (a?" mod 97):):0 tize
(amod 97,a% mod 97, a* mod 97, a® mod 97, a'® mod 97, a®? mod 97, a®* mod 97, a'?® mod 97, ...)

je teda od istého Clena periodicka s (nie nutne najkratSou) periddou 2, v ktorej sa striedaji (nie nutne rézne)
zvy$ky a®? mod 97 a a®* mod 97.

Urcéime vSetky zvysky r, ktoré sa moZu objavit' v tejto periodickej ¢asti. KedZe peridda je 2, plati

(TZ)Z mod 97 = r* mod 97 = r mod 97,
teda
7 |rt—r=r(3-1)=rc-1D(r*+r+1).

KedZe 97 je prvocislo, je delitelom jedného z ¢lenov posledného suicinu.
Rozoberme pripady:

e Nech97 | r.

Potom r mod 97 = 0 = r2 mod 97, takZe v postupnosti sa od nejakého ¢lena bude vyskytovat' iba zvy$ok 0.
e Nech97 | r—1.

Potom rmod 97 = 1 = r? mod 97, takZe aj v tomto pripade sa bude vyskytovat’ od nejakého ¢lena iba jeden
zvysok, a to 1.



e Nech97 | r? +7+ 1.
UkaZeme, Ze tejto podmienke vyhovuju prave dva rézne zvysky. Postupnym umociiovanim ¢isla 2 zistime, Ze
vyhovujt zvysky 232 mod 97 ¢iZze 35 a 2°* mod 97 ¢ize 352 mod 97 ¢iZe 61.
Nech je podmienka 97 | 2 +r + 1 splnend pre tri rozne zvysky r z {2, 3, ..., 96}, oznaéme ich ry, 7, 5. Potom
97 | ¥ +1, +1a97 | v + 1, + 1, takZe

97| (rE+r+1)—(2—r—1) =y — 1)+ 12+ 1).
KedZe zvySky r; ar, st rozne, plati 97 | r; + r, + 1. Analogicky 97 | r; + 13 + 1, takze
97 | (7‘1+T‘2 +1)—(1‘1 +T3 +1) =1 —T3,

o je spor.
Takze vo vyssie uvedenej postupnosti od istého miesta bud’ sa bude opakovat’ ¢islo 0, alebo sa bude opakovat
¢islo 1, alebo sa budu striedat ¢isla 35 a 61.

KedZe su na tabuli 4 ¢isla, pre dve z nich musi nastat rovnaka moznost. VZdy teda méZeme dosiahnut, Ze rozdiel
niektorych dvoch ¢isel bude nasobkom 97.

Poznamka:

Konkrétne hodnoty 35 a 61 v skuto¢nosti najst nepotrebujeme - sta¢i ukazat, Ze existuju najviac dva zvysky
r spliiajice 97 | 2 + r + 1. KedZ%e periédu 1 mame len pre zvy$ky 0 a 1, ktoré vyssie uvedenej podmienke
nevyhovuju, v tretom pripade st postupnosti, kde sa striedaji dve rozne cisla. Tieto Cisla, pokial vobec existuju,
vyhovuji podmienke 97 | 2 + r + 1, preto musia byt rovnaké nezavisle na pociato¢nom ¢isle na tabuli.

Poznamka:

To, Ze existuju najviac dva zvysky r spliiajice 97 | r? + r + 1, je mozné ukazat' aj inak. Napriklad je mozné to
(préacne) overit pre vietky zvy3ky od 2 po 96. Inou moZnostou je odvolat' sa na fakt, ze 2 + r + 1 je kvadraticky
polyndém, ktory ma po deleni prvocislom 97 najviac dva korene.

RieSenie 2:
Ak st aspon dve ¢isla na tabuli ndsobkom prvocisla 97, tak ich rozdiel bude tiez delitelny 97. Predpokladajme
preto, Ze s na tabuli napisané aspon 3 ¢isla a, b, ¢, ktoré nie st delitelné 97.

Ked%e 97 je neparne prvocislo, existuje ¢islo r také, Ze medzi ¢islamir! mod 97,72 mod 97, ..., r°® mod 97 sa vy-
skytuju vSetky nenulové zvysky po deleni 97. To znamena, Ze existuje prirodzené ¢islo a také, Ze r* mod 97 = a.
Po 5 umocneniach dostaneme a32? mod 97 ¢ize 732% mod 97. Z malej Fermatovej vety mame r?° mod 97 = 1.

Nech a = 3m + n, kde m je prirodzené ¢isloan € {0, 1, 2}. To znamena, Ze
a®?mod 97 = r32¥ mod 97 = r323m+32n mod 97 = (r32'3)m mod 97 - r32" mod 97

=1-7r32"mod97 = 132" mod 97 € {ro mod 97,732 mod 97, r®* mod 97}.

Analogicky
b32mod 97, ¢32 mod 97 € {r® mod 97,732 mod 97, 7°* mod 97} .

Rozoberme pripady:

32 p32, ¢32 po deleni 97 rovnaky zvy3ok,

e Nech davaju dve z ¢isel a
Potom 97 deli ich rozdiel.

 Nech davaju vietky ¢&isla a3?, b32,

c32 po deleni 97 rozne zvysky.

Bez ujmy na vieobecnosti nech a32 mod97 = r3?mod 97 a b3? mod 97 = r°® mod 97. Potom v3ak plati
a® mod 97 = r°® mod 97, takZe a®* — b3? je nasobok 97.

RieSenie 3:
Rozdiel dvoch prirodzenych Cisel je delitelny nenulovym prirodzenym c¢islom prave vtedy, ked’ davaju po deleni
tymto ¢islom rovnaké zvysky.

Nech a a b su prirodzené Cisla. KedZe plati
(97a + b)? = (97a)® +2-97a- b + b* =97 -97a? + 97 - 2ab + b? = 97 (97a? + 2ab) + b?,

&islo (97a + b)? ma po deleni 97 rovnaky zvySok ako b2.
Nech f je funkcia z mnoZiny N do mnoziny {0, ..., 96} taka, ze

f(n) = n?mod97.



Pévodnt ulohu potom mo6zZeme ekvivalentne preformulovat tak, Ze ¢isla z mnoziny {0, ..., 96} st nahradzované
hodnotou funkcie f v nich a treba zistit, ¢i po konecnom pocte takychto krokov budi niektoré dve ¢isla rovnaké.
Po k krokoch sa teda z ¢isla n stane ¢&islo f*(n).

Pre kazdé n z {0, ..., 96} plati
(97 —=n) = ((97 = n)?) mod 97 = (972 = 2-97 - n+ n?) mod 97 = n? mod 97 = f(n),
a teda aj pre kazdé nenulové prirodzené &islo k plati fX(97 — n) = f*(n).
UkaZzeme, Ze pre kazdé ¢islo n z tejto mnoZiny existuje k z mnoziny {0, 1,2, 3, 4, 5, 6} také, Ze f*(n) € {0, 1, 61}:
o Akn € {61,1,0},tak f°(n) =n € {0,1,61}.
o Akn € {96,62,35}, ukdzeme, Ze f1(n) € {1,61}:
o f1(62) = f1(97 — 62) = f1(35) = f(35) = 352 mod 97 = 1225 mod 97 = 61.
e f1(96) = £(96) = 962 mod 97 = 9216 mod 97 = 1.
o Akn € {81,75,36,22,16}, ukizeme, Ze f2(n) € {1,61}:
o f2(81) = f2(97 — 81) = f2(16) = f* (f(16)) = f1 (162 mod 97) = f1(256 mod 97) = f1(62) = 61.
o f2(75) = f2(97 = 75) = f2(22) = f* (f(22)) = f* (222 mod 97) = f1(484mod 97) = f1(96) = 1.
« f2(36) = f1(£(36)) = f1 (362 mod 97) = f1(1296 mod 97) = f1(35) = 61.
« Akn € {93,91,88,64,50,47,33,9, 6,4}, ukazeme, Ze f3(n) € {1,61}:
¢ £3(93) =£3(97-93) = f3(4) = f2(f(4) = 2 (4* mod 97) = f2(16 mod 97) = f2(16) = 61.
e £3(91) = £3(97 — 91) = £3(6) = f2 (f(6)) = f2 (62 mod 97) = f2(36 mod 97) = f2(36) = 61.
e £3(88) = £3(97 —88) = f3(9) = f2(f(9)) = 2 (92 mod 97) = f2(81 mod 97) = f2(81) = 61.
o £3(64) = £3(97 — 64) = f3(33) = f2(f(33)) = f? (332 mod 97) = f2(1089mod 97) = f2(22) = 1.
o £3(50) = £3(97 — 50) = f3(47) = f2(f(47)) = f? (47° mod 97) = f?(2209 mod 97) = f2(75) = 1.
o Akn € {95,94,89,85,79,73,70,66,54,53,44,43,31,27,24,18,12,8, 3, 2}, ukazeme, Ze f*(n) € {1,61}:
o f4(95) = f*(97 —95) = f*(2) = f3 (f(2)) = f3 (22 mod 97) = f3(4mod 97) = f3(4) = 61.
o f4(94) =f*(97-94) = f*(3) = 3 (f(3)) = £ (32 mod 97) = f3(9mod 97) = f3(9) = 61.
o f4(89) = f*(97 —89) = f*(8) = f3 (f(8)) = f3 (82 mod 97) = f3(64mod 97) = f3(64) = 1.
o f4(85) = f*(97 —85) = f*(12) = f3 (f(12)) = f3 (122 mod 97) = f3(144 mod 97) = f3(47) = 1.
o f4(79) = f*(97 —79) = f*(18) = f3 (f(18)) = f3 (182 mod 97) = f3(324mod 97) = f3(33) = 1.
o f4(73) =f*(97 —73) = f*(24) = 3 (f(24)) = f3 (24° mod 97) = f3(576 mod 97) = f3(91) = 61.
o f4(70) = £4(97 — 70) = f*(27) = £3 (f(27)) = f3 (272 m0d 97) = f3(729 mod 97) = f3(50) = 1.
o f4(66) = f*(97 — 66) = f*(31) = f3 (f(31)) = f3 (312 mod 97) = f3(961 mod 97) = f3(88) = 61.
o f4(54) = f*(97 —54) = f*(43) = 3 (f(43)) = 3 (432 mod 97) = f3(1849mod 97) = £3(6) = 61.
o f4(53) =f*(97-53) = f*(44) = f3 (f(44)) = (44° mod 97) = f3(1936 mod 97) = £3(93) = 61.

« Ak n € {87,86,83,82,80,78,77,76,74,72,71,69,67,65,63,58,55,52, 51,49, 48, 46, 45,42, 39, 34, 32, 30,
28,26,25,23,21,20,19,17, 15,14, 11, 10}, ukaZeme, Ze f5(n) € {1,61}:

o £5(87) = £5(97 — 87) = £5(10) = f* (f(10)) = f* (102 mod 97) = f*(100 mod 97) = f*(3) = 61.
e £5(86) = £5(97 — 86) = f5(11) = f* (f(11)) = f* (112 mod 97) = f*(121 mod 97) = f*(24) = 61.
o £5(83) = £5(97 — 83) = f5(14) = f* (f(14)) = f*(14° mod 97) = f*(196 mod 97) = f*(2) = 61.
o £5(82) = £5(97 —82) = f5(15) = f* (f(15)) = f* (152 mod 97) = f*(225mod 97) = f*(31) = 61.
o £5(80) = £5(97 —80) = f5(17) = f* (f(17)) = f* (172 mod 97) = f*(289 mod 97) = f*(95) = 61.
o £5(78) = £5(97 — 78) = £5(19) = f* (f(19)) = f* (192 mod 97) = f*(361mod 97) = f*(70) = 1.
o £5(77) = £5(97 = 77) = £5(20) = f* (£ (20)) = f* (202 mod 97) = f*(400 mod 97) = f*(12) = 1.
o £5(76) = £5(97 = 76) = f5(21) = f* (f(21)) = f* (212 mod 97) = f*(441 mod 97) = f*(53) = 61.
o £5(74) = £5(97 - 74) = £5(23) = f* ((23)) = f* (232 mod 97) = f*(529 mod 97) = f*(44) = 61.
o £5(72) = £5(97 — 72) = £5(25) = f* (f(25)) = f* (252 mod 97) = f*(625 mod 97) = f*(43) = 61.
o £5(71) = £5(97 — 71) = £5(26) = f* (£ (26)) = f* (262 mod 97) = f*(676 mod 97) = f*(94) = 61.
o £5(69) = £5(97 — 69) = £5(28) = f* (f(28)) = f* (282 mod 97) = f*(784mod 97) = f*(8) = 1.



o £5(67) = £5(97 — 67) = £5(30) = f*(f(30)) = f*(302mod 97) = f*(900 mod 97) = f*(27) = 1.
« £5(65) = f5(97-65) = f5(32) = f*(f(32)) = f*(322mod 97) = f*(1024 mod 97) = f*(54) = 61.
e £5(63) = £5(97 — 63) = f5(34) = f* (f(34)) = f* (34 mod 97) = f*(1156 mod 97) = f*(89) = 1.
o £5(58) = £5(97-58) = £5(39) = f* (f(39)) = f*(392mod 97) = f*(1521 mod 97) = f*(66) = 61.
o £5(55) = £5(97 — 55) = f5(42) = f* (f(42)) = f* (422 mod 97) = f*(1764mod 97) = f*(18) = 1.
o £5(52) = £5(97 — 52) = f5(45) = f* (f(45)) = f*(45° mod 97) = f*(2025mod 97) = f*(85) = 1.
o £5(51) = £5(97 — 51) = £5(46) = f* (f(46)) = f* (462 mod 97) = f*(2116 mod 97) = f*(79) = 1.
o £5(49) = £5(97 —49) = £5(48) = f* (f(48)) = f* (482 mod 97) = f*(2304mod 97) = f*(73) = 61.
e Akn € {92,90,84,68,60,59,57,56,41,40,38,37,29,13, 7,5}, ukdZeme, Ze f°(n) € {1,61}:
e £0(92) = £(97 — 92) = f°(5) = f5 (f(5)) = £5 (52 mod 97) = f5(25mod 97) = f5(25) = 61.
e £6(90) = £(97 — 90) = f°(7) = f5 (f(7)) = £5 (72 mod 97) = f5(49 mod 97) = f5(49) = 61.
o £6(84) = f(97 —84) = f°(13) = f5 (f(13)) = f° (132 mod 97) = f>(169 mod 97) = f5(72) = 61.
o £6(68) = f°(97 — 68) = f°(29) = £ (f(29)) = £5(292mod 97) = f5(841 mod 97) = £5(65) = 61.
e £9(60) = (97— 60) = f°(37) = 5 (f(37)) = f° (372 mod 97) = f5(1369mod 97) = £5(11) = 61.
e £5(59) = f(97 —59) = f°(38) = f5 (f(38)) = > (382 mod 97) = f°>(1444 mod 97) = £5(86) = 61.
o fO(57) = f(97 = 57) = f°(40) = £5 (f (40)) = f° (402 mod 97) = f>(1600 mod 97) = £5(48) = 61.
o £6(56) = f°(97—56) = f°(41) = f> (f(41)) = f° (412 mod 97) = f>(1681 mod 97) = f5(32) = 61.
Z kazdého zo 4 Cisel na tabuli sa teda po istom kone¢nom pocte krokov stane jedno z 3 ¢isel 0, 1, 61, podla
Dirichletovho principu preto budi asporii 2 z nich po tychto krokoch rovnaké.
Odpoved na otdzku zo zadania je teda pozitivna.
Poznamka:

Predchadzajtce vypocty mozno sprehladnit orientovanym grafom, v ktorom pre kazdy zvysSok x vedie hrana z x
do x2 mod 97. Tento graf ma 3 komponenty suvislosti, takze aspofi 2 zvy$ky st v tom istom.

» vydali: Slovenska komisia MO a NIVAM - Narodny institat vzdelavania a mladeze
» recenzent: Stanislav Kraj¢i

» preklad: Peter Novotny



	fd@MO-A-domaceKolo-riesenia-3: 


